In the doubled field theory approach to string theory the T-duality group is promoted to a manifest symmetry at the expense of replacing ordinary Riemannian geometry with generalised geometry on a doubled space. The local symmetries are then given by a generalised Lie derivative and its associated algebra. This paper constructs an analogous structure for the extended geometry of M-theory. A crucial by-product of this construction is the derivation of the physical section condition for M-theory formulated in an extended space.
Introduction
The role of dualities in string and M-theory needs no introduction. Over the years there have been numerous attempts to make these duality symmetries [1] [2] [3] [4] [5] [6] more manifest. In string theory this has led to the doubled geometry approach [7] [8] [9] [10] where the target space of the string is doubled and the metric on this space is given by the metric of generalised geometry of the sort developed by Hitchin and Gualtieri [11] [12] [13] . This has various advantages: it makes the T-duality group a manifest symmetry and also naturally combines the metric and KalbRamond field into a single geometric object known as the generalised metric.
Of course one cannot just double the dimension of the space and remain with the same theory; string theory after all is notoriously tied to critical dimensions. One therefore needs a constraint which we refer to as the physical section condition that imposes that physics lives in a section of the doubled space. A solution of the section condition gives a submanifold of the original dimension. Different solutions of this section condition correspond to different duality frames. In this sense, duality is a spontaneously broken symmetry with solutions to the section condition breaking the duality invariance of the theory.
In this formulation, all the local symmetries of the theory may be naturally combined into a single generalised Lie derivative that would generate both ordinary diffeomorphisms and gauge transformations of the Kalb-Ramond field. The generalised Lie derivative generates a symmetry algebra, which after applying the section condition gives the Courant algebra. Since the Courant algebra is known to be the relevant algebra for generalised geometry [14] , it comes as no surprise to see its emergence from the combination of diffeomorphisms with gauge transformations [11] [12] [13] .
One might suspect that this construction of string theory is somewhat artificial and alien to the usual formulation of string theory but in fact the structure of doubled geometry is present in a truncation of closed string field theory [15] . In particular, apart from the inclusion of winding modes to provide the coordinates of the doubled space, closed string field theory gives the local symmetries, the subsequent Courant algebra and the section condition of doubled geometry first found by Siegel [16, 17] . From the string field theory perspective, the section condition is nothing more than an immediate consequence of level matching for the closed string.
The goal of this paper is to construct an analogous structure for M-theory. The extension of the space to give a linear realisation of the duality symmetry and the construction of a generalised metric on the extended space has already been given in a series of works [18] [19] [20] [21] [22] [23] [24] . The construction in M-theory appears naturally and manifestly from the E 11 programme initiated by West and then by West and collaborators [6, [25] [26] [27] [28] [29] [30] . The relation between extended M-theory and doubled geometry was described in detail in [31] . Yet in these works there were some crucial open questions. Namely, what are the local symmetries of the extended theory, i.e. what is the generalised Lie derivative for this generalised geometry? What is the algebra of this local symmetry? Perhaps most importantly, what is the physical section condition?
This paper answers these questions. The method is as follows. The local symmetry is constructed so as to produce ordinary diffeomorphisms and gauge transformations once a duality frame is picked. This produces the generalised Lie derivative on the space. The Courant bracket is defined to be the antisymmetrisation of the generalised Lie derivative. The algebra is calculated and shown to be a Courant algebra provided a particular condition quadratic in derivatives is obeyed. This condition will then be taken to be the physical section condition. Consistency is then checked by comparing with the string result through dimensional reduction.
Recent, related work include the extension of double field theory to Heterotic string theory [32] and type II strings [33] [34] [35] and other interesting studies given in [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] .
Generalised Lie derivative and Courant Bracket
The SL(5) duality group is found in the reduction of eleven-dimensional supergravity to seven dimensions. In [21] , this duality group is made manifest in the directions of the 4-torus without assuming the existence of isometries. Since the duality group is made to act along four directions, the only supergravity fields that are non-vanishing are the metric and the 3-form potential C. The corresponding generalised geometry involves the extension of vectors, making up the tangent space, by 2-forms. The two-forms are the windings of the membrane, which source C. Furthermore, it was shown in [21] that the diffeomorphism and gauge symmetry of the 3-form potential are a result of reparametrisations of the ordinary space coordinates and winding coordinates, respectively. These form a Courant bracket algebra, which is exactly the same algebra found in generalised geometry [11, 13, 14] .
The analogue of a Lie derivative in generalised geometry is a generalised Lie derivative [47] , which encodes reparametrisations of the generalised coordinates as well as ordinary coordinate transformations. For generalised vector fields V = (v, µ) and X = (x, λ), where v and x are vector fields and µ and λ are 2-forms, the generalised Lie derivative is defined to bê
The first term is the Lie derivative of the vector field v along x. This reproduces the transformation of a vector field under coordinate transformations. The second and third terms in the generalised Lie derivative give the transformation of a two-form field, µ, under coordinate transformations generated by x and gauge transformations generated by λ. The antisymmetrisation of the generalised Lie derivative gives rise to a Courant bracket, as opposed to a Lie bracket,
where X = (x, λ), Y = (y, η) and [x, y] denotes the Lie bracket of vector fields x and y. One may view the Courant bracket as describing the algebra of combined diffeomorphisms and gauge transformations. Thus the algebra of diffeomorphisms is exactly as one would expect as can be seen from the first term on the right-hand side of (3) and is given by the Lie bracket. The second and third terms on the right-hand side of (3) are what one would expect from a gauge transformation followed by a diffeomorphism. The last term is perhaps a little surprising in that it is exact. A gauge transformation that is exact will have no effect on the three-form potential C.
Given this, one might wonder if the Jacobi transformations hold. The Jacobiator of the Courant bracket is defined by
and measures by how much the Jacobi identities fail. Using X = (x, λ), Y = (y, µ) and Z = (z, κ) we find
Since J is exact, the Jacobi identity holds when restrcited to being evaluated on the field C which is the only field that changes under a gauge transformation. It trivially holds on all the other fields that do not transform under this gauge trnasformation. The generalised vector fields can be twisted by a 3-form C in the following way:
The Courant bracket in terms of the twisted vector fields now reproduces the algebra of diffeomorphisms and gauge symmetries [21] . The generalised Lie derivative and Courant bracket above, equations (1) and (3) respectively, treat each "component" of the generalised vector field separately. The distinction made between the coordinates and windings is unnatural from the perspective of making duality a manifest symmetry. We would like a more democratic, or covariant, formulation of these objects. This allows us to find the section condition for the generalised geometry of the SL(5) duality group. In components, the generalised vector field X is (x i , µ ij ), where i, j = 1, . . . , 4. The 2-form can be Hodge dualised with the alternating symbol η (η 1234 = 1) so that the indices on X become SL(5) indices, viz.
where a = (i, 5). The generalised Lie derivative, defined in equation (1), can be written as two pieces with different tensor structures
Now, the Hodge dual of the second equation above is
where V ij = 1 2 η ijkl µ kl and similarly X ij = 1 2 η ijkl λ kl . We would like to write the generalised Lie derivative in terms of indices a, b that run from 1 to 5, (L X V ) ab , so that if b is 5 we get the expression on the right-hand side of equation (7) and if a, b take values from 1 to 4 then we get the expression on the right-hand side of equation (9) . The expression that reduces to equations (7) and (9) is
assuming that ∂ ij = 0. Although to write the generalised Lie derivative in terms of the generalised fields we assumed that ∂ ij = 0, in what follows we drop this condition. The requirement that ∂ ij = 0 is one particular choice to make the restriction from the 10-dimensional extended space to the four-dimensional physical space. This is one solution of the section condition, but there are other choices that can be made. The generalised Lie bracket that reduces to the Courant bracket, equation (3), when particular components are considered is, as in the case of the Lie or Courant bracket, the antisymmetrisation of the corresponding Lie derivative, (2) . Therefore, antisymmetrising the generalised Lie derivative, defined in equation (10), gives the generalised Lie bracket
For particular choices of indices a, b, the above reduces to the Courant bracket, equation (3) . For example, letting a = i and b = 5 in the above we get [x, y] i , which agrees with the Courant bracket. A similar check can easily be done for the choice ab = ij. If we think of a, b as ordinary coordinate indices, then we should only get ordinary differential geometry. In the case of Riemannian geometry one should only find the first two terms, which are the Lie bracket of X and Y. The Jacobi identity for the generalised Lie bracket is not satisfied. However, the Jacobi identity holds on fields up to terms that vanish by the section condition (see appendix A). Physically, the Jacobiator can be shown to be a pure gauge transformation on fields.
The algebra of generalised diffeomorphisms, which includes diffeomorphisms and gauge symmetries, must be closed. However, we find that
Since closure of the algebra requires that
the rest of the terms on the right-hand side of equation (12) must vanish which leads us to the section condition for the SL(5) generalised geometry. All of the extra terms vanish if
where X and Y are arbitrary fields. This is the section condition that has to be satisfied by the generalised fields in the SL(5) generalised geometry. Letting the fields depend only on the x i coordinates and imposing ∂ ∂y ij = 0 on all fields is one solution to the section condition, which was the one considered in [21] , but there are also other possibilities. Solutions to the section condition will be considered in section 4. The generalised Lie derivative has been defined with respect to the antisymmetric representation of SL (5) . We can in principle write the generalised Lie derivative of a field in any representation of SL (5), including the fundamental representation. This is analogous to the spinorial Lie derivative in differential geometry. For the generalised field in the fundamental representation the generalised Lie derivative takes the form
Evaluating the generalised Lie derivative of U [a V b] using the above equation one can easily see that this definition is consistent with the generalised Lie derivative of a field in the antisymmetric representation.
The generalised Lie derivative of other SL(5) objects can be computed by a simple application of the Leibniz rule and by assuming that the generalised Lie derivative on a scalar is equal to its partial derivative, i.e.L
For example, the generalised Lie derivative on an SL (5) 
Or, the generalised Lie derivative on an antisymmetric object V ab is
The generalised Lie derivative is supposed to encode all gauge freedoms associated with the theory. In particular, one would expect the generalised Lie derivative on the generalised metric to induce diffeomorphism and gauge transformations of the metric and 3-form potential.
The generalised metric for the SL(5) generalised geometry given in [21] is
where g ij is the metric, C ijk is the 3-form potential and g mn,kl = 1 2 (g mk g nl − g ml g nk ). However, in order to make connection with the SL(5) group, we dualised the winding coordinates and combined them with the ordinary coordinates to construct a object, X ab , with SL(5) indices, equation (6) . The metric that acts on X ab , or equivalently the 10 of SL (5), is the generalised metric 5
where g = det(g ij ) and
. The generalised metric above is determined by g ij and C ijk . Hence, it has 10 + 4 = 14 number of independent components. A general symmetric 10 × 10 matrix has 55 independent components. However, the metric M is constrained to parametrise the coset SL(5)/SO(5), which is a 24 − 10 = 14 dimensional space.
Using equation (17), we find that under a generalised Lie derivative, the variation of the generalised metric is
In particular, taking the ab = i5, cd = j5 components gives
where we have used equation (6) , notably that X i5 = x i , and the form of the generalised metric given in (18) . The ellipses denote terms involving derivatives with respect to winding coordinates, i.e. ∂ ij , which we are not interested in.
allowing us to conclude that the generalised Lie derivative does indeed induce diffeomorphism and gauge transformations in a manner in which we would expect it to. Similar computations on the other components of the generalised metric result in the expected transformations. The form of the generalised metric in equation (18) allows us to write it as a pair of objects acting on the 5 of SL(5). That is,
where the symmetric metric m is
The SL(4) vector
where ǫ ijkl = g −1/2 η ijkl and is the alternating tensor. The fact that M can be written as in equation (22) is related to the generalised metric parametrising the coset space SL(5)/SO (5) and can be thought of as the constraint that reduces the number of degrees of freedom of M from 55 to 14.
A natural question to consider is whether the structure in equation (22) is preserved under generalised diffeomorphisms. In other words, does the metric m transform as one would expect its components to transform. The generalised Lie derivative of m is
Taking the a = i, b = j component of the equation above gives
Hence, the generalised Lie derivative on m reproduces diffeomorphisms. Now, taking
where
for
A similar result is obtained if we choose the 5 5 component of equation (25) . We conclude that equation (22) is preserved under generalised diffeomorphisms. In other words, generalised diffeomorphisms preserve the coset structure in which M lies.
Relation to O(d, d) generalised geometry
In this section, the generalised Lie derivative and bracket of the SL(5) generalised geometry, (10) and (11) , are related to the corresponding objects of the O(d, d) generalised geometry [10, 16, 17, 35] . The dimensional reduction of the SL(5) duality manifest description of Mtheory should be related to the O(3,3) structure in string theory. Therefore, by dimensional reduction of the objects describing the SL(5) generalised geometry we should recover the O(3,3) generalised geometry.
First, let us consider the generalised Lie derivative. We reduce along the a = 4 direction, so we let any derivative with 4 as an index vanish, and consider the fields along the first three directions which we label by α, β, · · · = 1, 2, 3. Let a = α and b = 5 in equation (10),
Note that because of the reduction ansatz the indices on the derivatives ∂ cd can only take values along the first three directions or the fifth direction, viz. c, d = γ or 5, but because of the antisymmetry both c and d cannot be 5. Hence, denoting
where η αβγ is the alternating symbol, the expression for the O(3,3) generalised Lie derivative acting on a vector V α is
and
Similarly, we find the O(3,3) generalised Lie derivative acting on a field with lowered indices by considering the Hodge dual of equation (10) with a = β and b = γ,
Therefore, putting together equations (29) and (30) we find the O(3,3) covariant generalised Lie derivative given in equation (3.22) of [10] ,
The dimensional reduction of the generalised Lie derivative on a generalised vector field in the antisymmetric representation of SL (5) corresponds to the generalised Lie derivative on a generalised vector field in the fundamental of O (3,3) . Therefore, one would expect that dimensionally reducing the expression for the generalised Lie derivative on a generalised field in the fundamental representation of SL (5) is related to the generalised Lie derivative of a generalised field in some other representation of O (3, 3) . This is indeed the case as we will now show. A field in the antisymmetric representation, W ab , can be constructed from fields in the fundamental representation, U a and V a , by simply taking the antisymmetrisation of the two fields,
We showed that under dimensional reduction W ab becomes a field in the vector of O(3,3), which we denote W Π . When a = α and b = 5, we have the following picture
.
The above diagram shows that the O(3,3) vector field W α must also be decomposable in terms of fields U and V that are in a lower dimensional representation of O (3,3) . The only nontrivial representation of O(3,3) that is possible is the Majorana-Weyl representation of O(3,3) 6 . Therefore, the O(3,3) vector field W α is given by a product of Majorana-Weyl spinors U and
where uppercase Latin letters label spinor indices and take values in {1, 2, 3, 5}. Hence, we deduce that γ
Similarly, if we consider W ab = U [a V b] for a = α and b = β, we deduce that
where η is the alternating symbol. We have defined gamma matrices, but we have not shown that they satisfy the Clifford algebra. The 4 × 4 O(3,3) γ-matrices act on Majorana-Weyl spinors, so the corresponding 8 × 8 Γ-matrices, which act on Dirac spinors, are
which satisfy the Clifford algebra
is the O (3,3) invariant. In terms of γ-matrices the Clifford algebra reads
Using the matrices Γ Π = (Γ α ,Γ α ), define matrices
which satisfy the Clifford algebra with the diagonal metric, diag(-1,-1,-1,1,1,1),
Since the Γ (−) matrices square to -1 and Γ (+) matrices square to 1, we can assume that the former are antisymmetric while the latter are symmetric. Indeed, choosing the charge conjugation matrix
Now, from equation (35) we can deduce that
Hence, looking at equation (33),
The Clifford algebra for the γ-matrices, equation (34), can now, using the above relation be written as
The following gamma-matrices satisfy the Clifford algebra relations above:
which are consistent with equations (31) and (32) . We have shown that under dimensional reduction an SL(5) generalised field in the fundamental representation becomes an O(3,3) spinor field. Therefore, the generalised Lie derivative of a field in the fundamental representation of SL (5), equation (14) , should reduce to the spinorial Lie derivative in O (3,3) [35]
To show this we require the expression for Γ ΠΣ in the representation in which the dimensionally reduced SL (5) field is related to the O(3,3) spinor, i.e. the representation given in equation (38) . Using equation (33),
The relations in equation (36) can now be used to find Γ ΠΣ in the representation of the Clifford algebra given in equation (38) (
Now, we are ready to check the consistency of the two generalised Lie derivatives (14) and (39) . Inserting equations (40) into the O(3,3) spinorial Lie derivative, (39), we obtain
This should be compared to the dimensional reduction of the generalised Lie derivative on a field in the fundamental of SL (5). We use the same reduction ansatz as before, namely that derivatives along the fourth direction vanish, and evaluate the Lie derivative, equation (14), for the index a = α and a = 5, respectively,
Comparing the above equations with (41), we conclude that the dimensionally reduced SL (5) generalised Lie derivative acting on a field in the fundamental representation is equal to the O(3,3) generalised spinorial Lie derivative.
In this section, we have shown that under dimensional reduction the SL(5) generalised field in the antisymmetric representation becomes an O(3,3) vector, while an SL(5) vector field becomes an O(3,3) spinor. Furthermore, by dimensionally reducing the SL(5) generalised Lie derivatives, (10) and (14), we find the O(3,3) generalised Lie derivatives on vector fields and spinors. The equality between these objects was established without the use of any section condition. However, the section condition seems to play an integral role in generalised geometry. In particular, applications of generalised geometry to physics rely on specific solutions of the section condition. For example, the rewriting of supergravity actions in terms of a generalised metric uses a particular solution in which the fields only depend on the spacetime coordinates and not on the brane windings. In the next section, we will consider the section condition, giving examples of other solutions where the fields depend on brane windings.
Section condition
The section condition for the SL(5) generalised geometry,
was found in section 2 by requiring closure of the algebra of generalised diffeomorphisms. The second equation in (13) is necessarily satisfied given the first. The section condition can be dimensionally reduced to obtain the O(3, 3) section conditioñ
Consider the operator constraint η abcde ∂ bc ∂ de = 0.
Reducing this along the fourth direction with the ansatz that derivative along this direction vanishes, the section condition becomes
which implies the O(3,3) section condition∂
The O(d, d) section condition is a Laplace equation in a Kleinian space. The general solution to this type of differential equation was found in [48] in the context of N = 2 strings. One can use the Weyl group to investigate solutions to equation (42) . The Weyl group permutes the coordinates into each other. For the SL(5) group the Weyl group is the permutation group of 5 elements S 5 . Consider the Fourier transform of the section condition (42) , which implies that
Since the Weyl group takes into account the redundancy in our labelling of coordinates, pick the indices in the above equation to be 1, . . . , 4. Therefore, equation (43) 
where p = (p 12 , p 13 , p 14 , p 23 , p 24 , p 34 ). The matrix above can be diagonalised so that the above equation reads
Hence the SL (5) If we think of p as solving equation (44), then the determinant of the matrix N vanishes, so it is necessarily degenerate. We can use the Gauss elimination method to find the rank of the matrix. Assuming that it has non-zero rank, we can without loss of generality take p 34 = 0, in which case the matrix N reduces to its row echelon form 
The expression p 34 p 12 − p 24 p 13 + p 23 p 24 vanishes by equation (44) , hence the rank of N is less than or equal to two. But because the matrix N is antisymmetric it cannot be of rank one. Therefore, N has rank zero or two. The former case corresponds to letting the fields be independent of the winding coordinates. This is the section condition that was used in [21] to recover the supergravity action from the duality invariant formulation in terms of the generalised metric. It is possible to consider alternative solutions of the section condition and find the theory to which the duality-invariant formulation reduces. This leads to different duality frames of eleven-dimensional supergravity.
Discussion
In this paper, we constructed the generalised geometry associated to the SL(5) duality group. This is the duality group that appears on the reduction of eleven-dimensional supergravity to seven dimensions. An SL(5) covariant generalised Lie derivative was constructed by dualising the winding coordinates. The generalised Lie derivative on a field in the antisymmetric and vector representations was shown to give the generalised Lie derivative on an O(3,3) vector and spinor. Therefore, an SL(5) vector field becomes an O(3,3) spinor under dimensional reduction. This is perhaps related to the fact that 3-form potential in eleven-dimensional supergravity gives rise to both NSNS and RR fields under dimensional reduction.
The generalised Lie derivative generates generalised diffeomorphisms which encode the diffeomorphisms and U(1) gauge transformations. The closure of the algebra of generalised diffeomorphisms is only satisfied up to a constraint, which we identify with the section condition. The section condition has solutions whereby the fields can also depend on the winding coordinates. However, unlike the O(d, d) section condition the SL(5) section condition does not admit solutions whereby the fields only depend on winding coordinates. An interesting prospect to explore is to reduce the duality-invariant dynamics with respect to these alternative section choices. These different section choices will lead to different duality frames for the theory and allow for the definition of non-geometries based on transition functions that are given by SL(5) transformations.
Furthermore, it will be interesting to extend this work to the other dualities of M-theory. It is likely that the section conditions for the larger duality groups, SO(5, 5), E 6 , E 7 and E 8 , can also be found by imposing closure of the algebra of generalised diffeomorphisms.
The section condition is a quantum off-shell condition rather than an on-shell condition. Equation (43) must be read as a quantum mechanical condition as p = i ∂ ∂x . The type of constraint given by the section condition has been observed before in the context of half-BPS states and U-duality [49] , [27] . It would be of great interest to see if this connection remains true for the larger duality groups.
